MOMENT OPERATORS OF THE CARTESIAN MARGINS 
OF THE PHASE SPACE OBSERVABLES 



J. KIUKAS, P. LAHTI, AND K. YLINEN 

Abstract. The theory of operator integrals is used to determine the 
moment operators of the Cartesian margins of the phase space observ- 
ables generated by the mixtures of the number states. The moments of 
the a;-margin are polynomials of the position operator and those of the 
y-margin are polynomials of the momentum operator. 



1. Introduction 

According to the theory developed in [3, each complex valued measurable 
function / and operator measure E determine a unique, possibly unbounded, 
linear operator L{f,E), the operator integral of / with respect to E. In the 
case of real valued functions and phase space operator measures, a natural 
application of this theory is quantization. 

In general, quantization means any procedure which associates a quan- 
tum mechanical observable to a given classical dynamical variable, the lat- 
ter being represented by a real valued measurable function on the phase 
space M^"" of the classical system. Phase space quantization schemes are 
often realized by associating to a given classical variable / the operator 
/ f{.1-,P)^{Q-,P)dqdp, where A is some operator valued phase space function 
and the integral is interpreted e.g. in the weak or strong sense on a suitable 
domain (cf. e.g. jS], [HI, and [.13j). 

Consider the quantization determined by the operator density ^ 
A(g,p) := {2-n)-'^W {-q,p)TW {-q.pY, where the W{-q,p) are the Weyl 
operators acting in a separable Hilbert space and T is a state, i.e. a positive 
operator of trace one. Now the map i3(M^") 3 B E{B) := A G 
L{7i) is a phase space observable, so that any classical variable / can be 
integrated with respect to it. On its natural domain, the operator integral 
L{f,E) coincides with the (weak) quantization integral / /A. In this way, 
L{f,E) can be interpreted as a quantization of the classical variable /. It 
can be noted that this approach differs from the Weyl quantization, which is 
obtained by replacing T in the above density A(q,p) by (a constant times) 
the parity operator in L^{R) (cf. e.g. Sect. IV. 1], p. 199], and pp. 
140-141]). 

In this paper, we consider the phase space observables on associated 
with certain pure states and their convex combinations, with the state vectors 
being taken from a fixed countable orthonormal basis of the separable Hilbert 
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space. The moment operators of the Cartesian margins of these operator 
measures will be determined using the theory of operator integrals. The 
results sharpen and extend some of those obtained previously in 0. 
sectionOperator integrals and phase space observables 

1.1. The operator integral. In the following, we review the basic results 
of [2j on the theory of operator integrals and prove a proposition concerning 
integration with respect to sequences of positive operator measures. 

Let W be a Hilbert space, with inner product (•!•), and L(Ti.) the set of 
bounded operators on TC. Let O be a nonempty set, ^ a cr-algebra of subsets 
of Q, and E : A ^ -^(W) a positive operator measure (a positive operator 
valued set function a-additive with respect to the strong, or, equivalently, the 
weak operator topology). For all ip,tp GTi., the map A3 X {^\E{X)ip) £ 
C is a complex measure, and it is denoted by E^^^^. Let / : O — > C be an 
^-measurable function and let D{f,E) be the set of those vectors ip G Ti 
for which / is integrable with respect to the complex measure E^^^ for all 
ijj & TC. The set D{f,E) is a vector subspace of Ti., and there is a unique 
linear operator L{f,E) on the domain D{f,E) such that 



{i^\L{f,E)ip) = 




for all G D{f,E) and S W (cf. We call L{f,E) the (operator) 

integral of / with respect to E. 

Let D{f,E) be the set of those vectors G W for which |/p is integrable 
with respect to the positive measure We have the following results, 

proved in 

Theorem 1. (a) D{f,E) is a vector subspace of D(f, E). 

(b) // E{X) is a projection for all X e A, then D{f, E) = D{f, E). 

It is well known that, in case (b), the domain is dense. 

Theorem 2. // / is real valued, then L{f,E) is a symmetric operator, that 
is, {ij\Lif,E)ip) = {L{f,E)i;\ip) for alli;,ip e D{f,E). 

The following general lemma will be used in the proof of Proposition ^ 

Lemma 1. Let fj,n '■ A ^ C be a complex measure for each n G N such that 
the series J2neN converges absolutely in the total variation norm. Let fj, 
and V denote the measures X^neN/"" '^^^ J2neN\l^n\, respectively. Here \ ■ \ 
stands for the total variation. 

(a) / is v -integrable, if and only if / < oo. 

(b) // / is h' -integrable, then f is integrable with respect to fi and all the 
measures fin, and 

fdfl = X] / 

n=l 
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Proof, (a) Assume that / is i^-integrable (i.e. |/| is such). Since < 
z^(i?) for all S .4 and n S N, |/| is /i„-integrable for each n G N. Now 

k / k \ 

n=l-^ \n=l / 

for each A: S N, so that X^^i / < oo. The converse follows from 

Lemma A. 5. of p]. 

(b) Clearly /i and all the fin are i^-continuous. Let g and gn be their Radon- 
Nikodym derivatives with respect to i^, respectively. Since 



du 



for all i? € ^ and G N, we have 

k 



lim 

k >CXD 



71=1 



a 



dv 



lim 

k >oo 



E^ 

n=l 



n - Ai 



0, 



where || • || denotes the total variation norm. This means that the series Yin 9n 
converges in L^{v) to the function g. Thus some subsequence {Y!^i9n^ 
converges to g i^-almost everywhere. In addition, the monotone convergence 
theorem gives 



u{B) = Y, [ \gn\di.= [ (El 

n=l Jb\ ^ 



dv 



for all -B E ^, so that 



n=l 



<\f{x)\^\9n\ = \fix)\ 



for z/- almost all x £ il. 

Assume now that / is z/-integrable. Then by (a), / is /Un-integrable for 
each n S N, and the series Y'^=i I I'dfJ-n converges absolutely. Because of 
iP), the dominated convergence theorem implies that fg is z^-integrable, i.e. 
/ is /x-integrable, and 

fdfi = / fgdi' = ^lim^E / fdndi' " E / 



n=l ■ 



n=l ■ 



□ 



Proposition 1. Let E"" : A L{7i) be a positive operator measure for 
each n G N such that the range of is bounded in norm by > 0, with 
Yn^n ^ '^hen the norm limit X]„-£'"(-B), B G A, defines a positive 
operator measure E, for which 



^(/'^)Id(/,£;) ^ E^(-^'^")l5(/,£;")' 
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where the series is understood to converge in the weak sense to an operator, 
whose domain consists of those vectors (f G f^^^^ D{f, E"') for which the 
vector series ^„ L{f, E"')(f converges weakly. 

Proof. Let V,'^ e Since WE^J < 4sup5g^ < 4||V^|| ||(^||M„, 

the series 'Y^n ^"ip ip converges absolutely in the total variation norm. The 
above inequality also implies that for every B € A, the sesquilinear func- 
tional {(p,'4') J^n-^^ipi-^) bounded, so that there is a (clearly positive) 
operator E{B) e L{n)', for which {'ilj\E{B)(f) = En^^,<^(^)- Thus the map 
B E{B) is a positive operator measure, for which E{B) = Yln^^i^) ™ 
the operator norm and E^^^p = ^„ E"^ ^ in the total variation norm. 

By applying Lemma ^ (b) to the finite positive measures E"^^^ and the 
function we see that if (/? G D{f,E), then ip € D{f,E^) for all n G N, 
and J2nI\f\^dE^,<fi = I\f\^dE^,v < oo. Now let denote the positive 
operator measure M'^F". We have EnMn^fJWd^ < En^-^«(1 + 
J Ifl'^dFJp ^) < oo. Using the inequality 




from 171, we get EnI\f\d\E;j = En^n J \f\d\Fl^\ < oo, from which it 
follows by lemma n (a) and (b) that 

n 

□ 



1.2. Phase space observables. We assume that the Hilbert space Ti is 
separable. For any V' G let |9?)(V'| denote the operator ^ i-^ {'4)\^)ip. 
Let {|n) I n > 0} be a fixed orthonormal basis of Ti. We call it the number 
basis. Let Aj^ = Ylin>o \/^2~+T|n + 1) (n| and A_ = Ylin>o \/^2~+T|n) (n + 1| 
be the raising and lowering operators associated with this basis. They are 
closed operators with the domain 

V{A+) = V{A.) = ^V^n\Y, kMk)? < ooj , 

and they satisfy the relation A^ = A"^. The symmetric operators -^{A^ + 
A_) and -^i{A^—A-) are essentially selfadjoint on 'D{A^) and their closures 
Q and P are unitarily equivalent to the canonical position and momentum 
operators, respectively, acting in L^(R). The operators A^ and A^ can be 
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expressed in terms of Q and P according to 

= -^{Q-iP), 

(2) A_ = -^{Q + iP) 

(cf. O p. 283] and ^1 p. 73]). The number operator N := '^n>on\n){n\ = 
A^A-, with the domain 

Z)(iV) = |(^GW|^fc2|(v,|fc)p<oo|, 

is selfadjoint and satisfies 

(3) N + ^I=^{Q^ + P^). 

(The last equality is a simple consequence of (EI) and the fact that D{N) = 
D{A+A_) = D{A_A+).) 

The operators Q and P generate strongly continuous one parameter uni- 
tary groups p I— > V{p) := e*^*^ and q i— > U{q) := e*"^^ which satisfy the 
Weyl relation U{q)V{p) = e^'^^V {p)U (q) for all q,p € M. The Weyl operators 
W{q,p) are defined by W{q,p) = e~2'-iPU{q)V{p) for q,p G M. The map 
{q,p) W{—q,p) is a projective representation of R^. 

Let T be a state operator. Then 

1=1^ f W{-q,p)TW{-q,prdqdp, 

and the map E'^ : B{M.'^) ^ L{n) defined by 

E^{B) = 1- I^W{-q,p)TW{-q,prdqdp 

is a normalized positive operator measure, a phase space observable. Here 
B{M.'^) denotes the cr-algebra of Borel subsets of and the integrals are 
understood in the weak sense. The construction of the operator measures 
E^ can be found for instance in or The operator measure E'^ is 

covariant with respect to the projective representation {q,p) ^ W{—q,p) 
in the sense that E^{B + (go,Po)) = W{-qo,Po)E^ iB)W{-qo,po)* for all 
B £ B{R^) and {q,p) G R^. 

The following characterization is obtained in |^ and every normal- 
ized positive operator measure E : i3(M^) L(TC), which is covariant with 
respect to the representation {q,p) ^ W{—q,p), is of the form E^ for some 
state T. 

We let E^^'^ denote the phase space observable associated with the number 
state |s)(s|. Consider the mixed states 

oo 

(4) T = Y,Wn\n){n\, 

n=0 
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where m„ > and "^Wn = 1- These states are the ones for which the 
observable E'^ is covariant also with respect to the phase shifts in the sense 
that 

e'^^E'^i[0, oo) X X)e-'^^ = E^{[0, oo) x {X + 9)) 

for all 9 E [0,27r) and X E ^([0,27r)), where = [q, oo) x [0, 27r) and the 
sum X + 9 is understood modulo 27r. (cf. [llj). 

Since it;„||^l">(S)|| < u>„ for all n E N and B E i3(M2), Proposition dean 
be applied to the positive operator measures WnE^^\ That the norm limit 
^„ equals E'^{B), follows from the identity 

{ip\E^iB)ip) = ^ j {Y^Wn\{m{-q,P)\n)?)dqdp = Y,^n{^\E\-\B)^) 

^ n n 

where 99 E W is arbitrary and the monotone convergence theorem has been 
used. 



2. Moment operators of the Cartesian margins of the phase 
space observables associated with the number states 

Let X and y denote the functions i— q and 1-^ p, respectively. 

In the moment operators L((x ± iy)^, and L((x^ + y^)*^, were 
determined. In [H|, these results were used to obtain the operator relations 

L{x\e\^)) C {n + \)I + Q\ 
(5) L{y\E\^^) C {n + \)I + P\ 

In this section, we determine directly the moment operators L{x^,E^) and 
L(y'',E'^), where the state T is taken to be of the form Yln'^n\n'){n\. The 
results show, among other things, that the inclusions © are in fact equalities. 

2.1. The operators L(2;*-\ and L(y'=,Sl">). Let U : L'^{R) ^ H he 

the unitary operator which maps the Hermite function basis {/in}n>o of 
L^(M) onto the number basis of Ti. according to the rule Uhn = \n). The 
position and momentum operators in L^(M) correspond to the operators Q 
and P via the unitary transformation [/, so that the operators Wo{q,p), 
defined by WQ{q,p) = U~^W{q,p)U ^ act in L^(M) according to the formula 

{Wo{q,p)m)=e'"^'^Pe'P'f{t + q). 

We need the following well-known result (see e.g. ^IH pp. 47 and 49] ). 

Lemma 2. Let F : L^(M) L^(R) denote the Fourier- Plancherel operator. 
Let u E L2(M) he a unit vector and f E L'^{R). Then u{- - q)f E L^(M) n 
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L2(R) for almost allqGR and Fu{--p)Ff G L\R)nL'^{R) for almost all 
p € M. In addition, 

-^{Wo{-q,p)u\f) = e4^fF(n(. - q)f)ip) 

y ZTT 

for almost all q EM. and all p G M, and 

-^{Wo{-q,p)u\f) = e-'hvF-\F^{.-p)Ff){q) 
V zvr 

for almost all p GM. and all q GW. 

Proof. Since u,fG L^(IR), the function u{- — q)f is integrable. Because 
||/||2 = J|u(t - q)f{t)\^dtdq by Pubini's theorem, «(• - q)f € L'^{R) for 
almost all q. Similarly, -p)Ff G L^{M.) n L2(M) for almost all p G M. 
The rest of the proof follows from straightforward calculations. □ 

First we determine the square integrability domains corresponding to the 
functions and . 

Lemma 3. = D{Q^) and D{y'', E^""^) = D{P^) for all € N. 

Proof. Let A; G N be fixed. Let G W and / = U'^ip G L2(M). If g 
D{x\E\^)), the function ^ q^''mWo{-q,p)K)? = q^^MW {-q,p)\n)\^ 
is integrable over R^, and 

J^y'dE\^l{q,p) = ^jq^''(^jMW{-q,p)\n)\^dp^dq 
= j q^''(^j\F{K{.-q)f){p)\''dj^dq 

j \K{t-q)\''\f{t)\''dt^ dq 
= j (yj q^''\K{t-q)\''\f{t)\''d<^dt 
= j j\t-qf^\K{qt\f{t)\''dqdt 

= j J\t-qf''\Kiq)Wit)\'dtdq, 

where lemma|21 the unitarity of the Fourier-Plancherel operator, and Fubini's 
theorem have been used. The existence of the last integral implies that 
t ^ {t - is integrable over M for almost all g G M. Thus also 

t I— > must be integrable. (In fact, take one g G M for which t i— > 

(t— is integrable and use the fact that there exist positive constants 
A,B,M, such that At'^'' < {t - qf^ < Bt^^ for \t\ > M .) This means 
that / belongs to the domain of the A:-th power of the position operator 
in L2(M) and hence cp = Uf £ D{Q^). Conversely, if ip = Uf £ D{Q^), 
the functions t ^ and q ^ W\\hn{q)\'^ are integrable over M for 
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all I < 2k and hence {t,q) ^ {t - g)^^|/in(g)Pl/(*)P is integrable over M^. 
The preceding calculation now shows that (p G D{x^ ,E\'^'>). The equality 
= p{Q^) is thus proved. 

The result L'(y^ = D{P^) is obtained in an analogous manner by 
using the fact that the position and momentum operators in L^(M) are uni- 
tarily equivalent via the Fourier-Plancherel operator F. □ 

Now we can determine the operators L(x'^, £'1"^) and L(y'^, £'1"^). 

Theorem 3. L{x^,E\"'^) = pI'\Q) and L{y^ ^E^""^) = p^^\P), where : 
M — > R is the polynomial 

p\;:\t) = {n\{t - Q)'^\n) = E ((^) (-l)'=-'(n|Q'=-V)) 

In) . 

Proof. Since is a polynomial of order k and Q is unitarily equiva- 
lent to the position operator in L^(E), the natural domain of the operator 
P^k\Q) (which is the set D{Q'') n D{Q^-^) n . . . D{Q)) is equal to that of 
Q^. Because Q and P are unitarily equivalent, also D{p^^\p)) = D{P^). 
Thus by the preceding lemma, we have D{p^^\Q)) = D{Q^) = D{x^,E\^^) 
and D(j}j!\p)) = D{P^) = b{y^,E\'')). 

Let (^,'0 G 5(x'=,£l">) C L»(x'=,£l">). Let / = [/"V, 9 = U-'^if). Since 
the function 

{q,p) ^ q''{il^\W{-q,p)\n){ip\W{-q,p)\n) 
is integrable over M^, we get 



(V'|L(x^£l">)^) = / q'dE\;liq,p) 



(/ FiK{.-q)g){p)F(h;{- - q)f){p)dp^ dq 
J (t [j Kit - q)g{t)K{t - q)f{t)dt^ dq 



q''\hn{t-q)\'dqj g{t)f{t)dt 
j{t-qf\K{q)\^d^W)imt, 



= J {n\{t-Qf\n)g{t)f{t)dt 
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The fifth equahty follows from Fubini's theorem, since {q,t) i— > q'^lhnit — 
q)\'^git)f{t) is integrable (because of the inequality 

'\hn{t - q)\W)f{t)\ < ^(1 + q''m{t)\' + m\')\K{t - q)\' 

and the proof of lemma 01) • The unitarity of F is also used. Since tp was 
taken arbitrarily from the dense set D{Q^) = D{f,E^"''^), we have pl"^(Q) C 

The equality p^^\Q) = L(x'^',Sl">) follows from the fact that beine; self- 
adjoint, the operator '[^^\Q) cannot have a proper symmetric extension. 
The statement p^^\p) = L{y^, E'l"^) is obtained in the same manner, since 

p^,""^ can also be written in the form p^^\t) = {n\{t — P)^\n) and p^^\P) is 
selfadjoint. □ 

Remark. Since {n\Q"^\n) = for odd m, and {n\Q'^\n) > for even m, 
only the terms with even k — l are present in the sum defining the polynomial 
pIj""^ , and the coefficients of the corresponding x' are all strictly positive. In 
particular, L(x'=,Sl">) / Q'' and / for A: > 1 and n > 0, 

reflecting the difference from the Weyl quantization (jHl p. 229]), as well as 
the fact that the Cartesian margins of are not the spectral measures of 
Q and P. 

Using Theorem IHl all the operators and L(x'^,i?l"^) can be 

written in terms of Q and P, respectively. In particular, the first and second 
moment operators are the following: 



L(x, = Q 

L(y,i?H) = P 

Lix\E\^^) = (n+i)I + Q2 
(6) Liy^E\^^) = (n + i)/ + p2. 

For the special case of n = 0, these results were already obtained by formal 
computations in ^ pp. 28-29] (without addressing the question on the 
domains of the operators). A related result of ^ p. 140], however, seems to 
lack a constant term. 

2.2. The operators L{x^,E'^) and L{y'',E'^) with T = En^nl"')(^l- 
In the next theorem, we need to consider the expressions (n|g2fc|n). These 
integrals are well known and can be calculated e.g. as instructed in ^01 P- 
60]. We need here only the following fact: 

Lemma 4. For n > k, the expression (n|Q^^|n) can be written as a polyno- 
mial in n of order k. 



10 



J. KIUKAS, P. LAHTI, AND K. YLINEN 



Proof. Expressing Q in terms of and A_, we get {n\Q'^^\n) = ^\\{A^ + 
A_)'^|n)|p. Because A_A^ = N + I,we can write 

k 

{A+ + = ^ am\n + k- 2m), 

m=0 

where am\n + k - 2m) = (iV)|n) for < m < | and am\n + k - 

2m) = A'^~^ q^{N)\n) for | < m < A:, where are some polynomials with 
2deg{q^)±{k-2m) < k. Now = (n + l)(n + 2) . . . {n + k-2m)q+{n)'^ for 
< m < I and = n(n - 1) ... (n - (2m - A;) + (n)^ for | < m < /c, 
so that each polynomial in n of order at most k, with the coefficient 

of the highest power positive. Since Oq = (n + l)(n + 2) . . . (n + /c), we see 
that {n\Q'^^\n) = ^ X]m=o is a polynomial in n of order exactly k. □ 

Theorem 4. Let T = ^„tt)ri|n)(n| 6e a mixture of the number states and 
A; S N. Let j}^^ denote the polynomials defined in Theorem\^ and define 

oo 

Y,Wn{n\Q^-'\n) (< oo) 

n=0 

forO<l <k. 

(a) / {0} i/ anrf on/y if 

(7) ^n''t(;„<oo, 

n 

m which case Ski < oo for all < I < k, D{x^,E'^) = D{x^,E'^) = 
D{Q''), and 

k 

L{x\E^) = Y,SkiQ'. 

1=0 

In particular, the operator L{x^,E^) is then selfadjoint. 

(b) The statement (a) holds true when "x" and "Q" are replaced by "y" 
and "P". 

Proof. Let A: € N be fixed. According to Proposition Lemma |S1 and 
Theorem 01 we have, 

(8) L(x^i?^)|5(^,^^,) C Y.w„L{x',e\->) = Y^wJ,^\q) 

n n 

(where the series of operators are understood in the same sense as in Propo- 
sition lU. Let if e D(Q^) D -D(En^ni'P(<3)) and / 0. Let A^^l be 

In) 

the density function of the positive measure Elp/^. By the definition of 
the square integrability domain, if E D{x^,E'^) if and only if the func- 
tion x"^^ WnAi^^ip is integrable. By the monotone convergence theorem, 
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the latter statement is equivalent to 

(9) E^- / ^''^41<°°- 

According to the proof of Lemma 13 

Jx^'^dEl^ = I j\t-qf^\K{q)WU-\){t)\''dtdq 

2k 

= E (/ t'm-'^m\'d?l {n\Q^'-^\n). 

Since {n\Q'^\n) = for odd m G N, only the terms with even I are present 
in the above sum. Because U~^ip 7^ 0, these terms are all strictly positive. 
Since < {n\Q^^\n) < /(I + q^'')\hniqTdq = 1 + {n\Q'^''\n) for alU < 
and Yln'^n = 1, the convergence of the series '^n''^n{n'\Q'^^\n) implies the 
convergence of each series w^n('^|Q^'|'^) and Ski, I < k. Thus, it follows 
that a nonzero vector in D{Q^) belongs to D{x^ ,E^) if and only if the series 

(10) E^-^"i^''i") 

n 

converges. By the preceding lemma, this is equivalent to Since D{x^ ,E'^) C 
^(Q'') by ©, we have shown that S^) 7^ {0} if and only if © holds, 

and in that case, D{x'^,E'^) = D{Q^) and s^i < 00 for I < k. 

Prom the definition of the polynomials pj,"^ we see that if (fTn|l converges, 
then (using (jHJ) we get 

k 

(V'|L(x^ii;^)99) = E^n(M"^(Q)v') = E^'^'^^i^''^) 

n 1=0 

for each ip £ D{Q'') and i/j G Ti. Thus, YlLo^kiQ'' C L{x'',E^) (now 
D{Yld=o^kiQ^) = D{Q^), because Skk = !)• Since the operator Yl'i=o^kiQ^ 
is selfadjoint and L{x^ ,E'^) is symmetric, the statement (a) has been proved. 
The result (b) is obtained in the same manner, since 

L{y\E^)\^^^, j^,^ cY,^nL{y\E\-)) = Y,wJ^\P), 

n n 

{n\Q"^\n) = {n\P"^\n) for all m,n > and 
jy^^dE\;l = I j{t-pf^\FK{p)WFU~^^m^dtdp 

2k 

for all if G D(P^). □ 
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Remark. For each /c G N, there are states T of the form Q such that (O 
does not converge (so that D{x'^ ,E^) = {0}), but all the series s^i do. In that 
case, X]f=o ^kiQ^ is still a well-defined selfadjoint operator with the domain 
D{Q^). An example of such a state for G N is given by t„ = g^k+i , where 
S = We do not know whether there are any nonzero vectors in 

the domain D{x^,E'^) then. 

3. Operator integrals of some polynomials 

In this last section, we use Theorem IHlto determine the operator integrals 
for certain types of polynomials. To that end, let h, hi, /i2 be real polynomials 

defined by h{t) = X]f=o^;^^ 7^ 0' ^"^^ ^*(*) = YALo0.i,it\ o-iM / 0, 
i = 1,2. 

The operators ox, and -L(/ioy, Let ij,(pen. There exist 
positive constants M,A,B such that A\t''\ < \h{t)\ < B\t''\ for |t| > M, 
which implies that the function hox (i.e. {q,p) i— > h{q)) is £'|^^-integrable if 

and only if x'' is such, and in that case, j ho x dE^^^^ = X]/=o ^/ / ^'^-^^T^- 
Since D{x^,E\'^)) = D{Q^) C D{Q^) = L>(x^^l">) for / < A;, it follows that 
I?(/i ox, = D{Q''), and 

k 

(11) L(/iox,i?l")) = ^a;pj">(Q). 

(=0 

Naturally, a similar result holds for the function hoy. 
The operators L{hi o x + i/i2 o y,E^'^'>). Let il^^tp G TL. The function 

In) 

hi ox + ih2 oy is E'^ ^^-integrable if and only if both hiox and /i2 oy are such, 
and in that case /(/ii o x + i/i2 o y) dE^^^^^ = / /ii o x dE^^^^^ + i / /12 o y ^-^1^^. 
Thus, we have Z)(/iiox + f/i2oy, = D{Q^^) r\ D{P^^), and 

fci fc2 

(12) L{hi ox + ih2oy, i^l") ) = J2 (Q) + ^ a2,«p|"^ (P)- 

1=0 1=0 

The operators L(/ii o x + /i2 o y,E^'"'^) with fcj even and aj^fc. > 0. 
Assume that ki is even, and aj^fc- > 0, i = 1, 2. Then we can choose positive 
constants M,Ai,Bi such that hi{t) > and Ait'^' < hi{t) < Bit^' for |t| > 

In) 

M and i = 1,2. This implies that the function /ii o x + /i2 o y is -E^ ^- 

integrable for ■0, 99 G W if and only if both x^^ and y'^^ are such. We get 
£>(/iiox + /i2oy,El">) = D{Q^^)r\D{P^^), and 

fci fc2 

(13) L(/ii o x + /12 o y, i?l")) = ^ ai,,pl"> (Q) + ^ a2,/pi"> (P). 

1=0 1=0 
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A note on the operators L{x±iy, E^"''^) and L{x'^ + y'^,E\"''^). The above 
observations show that, in particular, L{-^{x ± iy),E^^'>) = -^{Q ± iP), 

and L{^{x^ + y^), ^1"^) = ^{Q^ + P^) + (n + i)/. These operator integrals 
have already been determined in |2j (using a different method) to be the 
following: L(-ij(x±iy),^l">) = and ^(^(x^ + y2)^ ^h)) =N + {n + l)I. 

The fundamental operator equalities Q and (0 now show that the results 
are indeed consistent. 

Acknowledgement. The authors thank Drs. Daniel Dubin and Mark 
Hennings for pointing out some details concerning the validity of the operator 
equahty (0). 
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